The mass-correction function is evaluated for selected excited states of the hydrogen molecule within a single-state non-adiabatic treatment. Its qualitative features are studied under the avoided crossing of the EF with the GK state and also for the outer well of the HH state. For the HH state, a negative mass correction is obtained for the vibrational motion near the outer minimum, which accounts for most of the deviation between experiment and earlier theoretical work. * Electronic address: matyus@chem.elte.hu This work represents the first steps towards a fully coupled non-adiabatic calculation of the EF -GK-HH-etc. singlet-gerade manifold of H 2 including the formerly neglected mass-correction terms which appear in the multi-state effective non-adiabatic Hamiltonian recently formulated [1]. Relying on the condition of adiabatic perturbation theory [2] that the electronic band must be separated from the rest of the electronic spectrum by a finite gap over the relevant dynamical range, already a single-state treatment delivers insight into the extremely rich non-adiabatic dynamics of electronically excited hydrogen. Motivated by these ideas and after careful inspection of the singlet gerade manifold (Figure 1), we have selected the lowerenergy region of the EF and the outer well of the HH state, often labelled withH, for a single-state non-adiabatic study. Concerning the computational methodology, we used the QUANTEN computer program [3-6] to accurately solve the electronic Schrödinger equation for the selected states using floating, explicitly correlated Gaussian functions. The mass-correction functions were also computed with QUANTEN according to the procedure described in Refs. [5, 6]. The resulting non-adiabatic corrections to the (effective) vibrational and rotational mass are shown in Figures 2 and 3. These numerical examples shed light on qualitative properties of the mass-correction functions, which can be understood by remembering the appearance of the R a reduced resolvent in the masscorrection tensor of the selected a electronic state [1, 2],
, and in example single-point computations of polyatomics [11] (for a detailed reference list see Ref. [5] ).
Using the described methodology, we first studied the EF 1 Σ + g state of H 2 below ca. 110 000 cm −1 (below the GK minima), and computed the rotation and vibration mass correction functions ( Figure 2 ). The effective vibrational mass of the proton becomes gigantic under the avoided crossing with the GK 1 Σ + g curve. The large correction value, δm (EF ) vib = 480 m e near R = 3 bohr, which should be compared with the ca. 1836 m e mass of the proton, [33] indicates that it will be necessary to go beyond the single-state non-adiabatic treatment to achieve spectroscopic accuracy.
For this purpose, one can either look for higher-order corrections-the third-order correction formulae can be found in Ref. [1] -, or for explicit coupling with the near-lying perturber state(s), in this case GK (and other states), and to use the effective non-adiabatic Hamiltonian of Ref. [1] for a multi-dimensional electronic subspace. Note that in the single-state treatment only the EF state is projected out from the resolvent, Eq. (1), whereas in a multi-state treatment the full explicitly coupled subspace will be projected out [1] , which will result in smaller corrections from electronic states better separated in energy.
With these observations in mind, we have nevertheless checked the rotationvibration term values obtained within the second-order, single-state non-adiabatic model. We found that the vibrational energies improve upon the constant-mass adiabatic description (using either the nuclear mass of the proton or the atomic mass of hydrogen, which is commonly used as an 'empirical' means for modeling nonadiabatic effects): the ca. 30-35 cm −1 root-mean-square deviation of the adiabatic energies from experiment is reduced to 10 cm −1 when the rigorous non-adiabatic vibrational functions are used instead of the constant (nuclear or atomic) mass.
More detailed numerical results will be reported within a coupled-state non-adiabatic treatment in future work.
Next, we have studied the HH state, for which already a single-state model turns out to be useful for spectroscopic purposes, at least for the outer-well states. The inner well of the HH potential energy curve (PEC) gets close to several other PECs, and for this reason a single-state treatment is not appropriate there. At the same time, most of the outer-well state energies (below the barrier) can be accurately computed without considering delocalization to the inner well. This behaviour was pointed out already several times in the literature [12] [13] [14] [15] [16] , and we have also checked it for every rovibrational state by solving the rovibrational Schrödinger equation with different [R min , R max ] intervals. In particular, we obtained the (adiabatic) inner-well state energies (below the barrier) with an accuracy better than 0.01 cm −1 even if we used the restricted, [R min , R max ] = [6, 20] bohr, interval. This behavior was observed either with using constant (e.g., nuclear or atomic) or coordinate-dependent, non-adiabatic masses. The few exceptions (with energies nearer the top of the barrier which separates the inner and the outer wells) will be highlighted during the presentation of the numerical results.
The experimental term values for the outer-well rotation-vibration states of the HH electronic state were first reported in 1997 [17] and also later in 1999 together with an improved theoretical treatment [13, 14] . The computations were carried out on an accurate, adiabatic PEC including relativistic corrections and were appended also with an estimate for the radiative effects [12, 14] . The resulting term values were in a ca. 1 cm −1 (dis)agreement with experiment (of ca. 0.04 cm −1 uncertainty), which was attributed to the neglect of non-adiabatic effects.
We have repeated the rovibrational computations using the potential energy, diagonal Born-Oppenheimer correction, and relativistic correction curves computed and the radiative correction estimated by Wolniewicz [12] , but we used the nonadiabatic mass correction functions for the rotational and the vibrational degrees of freedom computed in the present work ( Figure 3 ). We obtained a somewhat better agreement with the experimental results, the 1-1.2 cm −1 deviation of theory and experiment of Ref. [14] was reduced to 0.3-0.4 cm −1 . (the computed values are larger than the experimental ones).
In order to identify the origin of the remaining discrepancy, we refined the potential energy curve using the QUANTEN program, which resulted in a few tenths of cm −1 reduction for R > 10 bohr (the improved electronic energies are deposited in the Supplementary Material [18] ). Next, we have checked the accuracy of the earlier relativistic corrections and found to be sufficient for the present purposes. We have also explicitly evaluated the leading-order radiative correction (see for exam-ple, Eq. (3) of Ref. [19] ), instead of approximating it with the radiative correction value of H − proposed by Wolniewicz [12] . For this purpose, we used the one-and two-electron Darwin integrals already available from the relativistic computations [12] and estimated the non-relativistic Bethe-logarithm by ln k 0 ≈ 3 based on its hydrogenic ground-state value (remember the strong H − +H + ion-pair character of the outer well and the observation that ln k 0 is not very sensitive to the number of electrons [20] ). We also computed the Araki-Sucher term for the HH state in the present work, although it gives an almost negligible contribution at the current level of precision. Based on these computations, the radiative correction curve takes values between 0.27 and 0.29 cm −1 over the outer well of HH, and thus we confirm the earlier estimate using the H − value [12] .
As a summary, we collect in Table I the states are shown in grey in the table, because for these states tunneling to the inner well has an important effect on the energy and should not be neglected. We also note that the experimental term values for the v = 2 states with N = 0, 1, . . . , 4 and the v = 2 and 3 states for N = 5 are an order-of-magnitude less accurate than for the other states [14, 17] .
In the table, we also also compare with experiment the adiabatic energies (a) computed rigorously with the nuclear masses ('ad p ' column)-these values are almost identical with the values in Table VI of Finally, we mention that Andersson and Elander [15] , by extending earlier work of Yu and Dressler [21] , solved the coupled-state equations, including the coupling of the six lowest-energy 1 Σ + g states, and studied also the outer-well region of HH. They found that it was necessary to include all six 1 Σ + g states to converge theH vibrational energies better than 0.1 cm −1 whereas the 15th and 16th vibrational states (v = 14 and 15 in Table I) In particular, we have found a non-trivial, negative mass-correction to the nuclear mass of the proton for the vibrations in the outer well of the HH 1 Σ + g electronic state. This negative value, i.e., an effective vibrational mass smaller than the nuclear mass, is dominated by the interaction with the H(1)+H(2) dissociation channel to which HH gets close near its outer minimum. Of course, the precise value of the mass correction is the result of an interplay of the interaction of the nuclear dynamics on HH with all the other (discrete and continuous) electronic states. It is interesting to note that, whereas the vibrational mass shows this special behaviour for HH, the non-adiabatic value of the rotational mass remains close to the atomic mass of the hydrogen (proton plus electron, see Figure 3 ). Due to these properties, HH makes a counter-example to the simple, empirical recipe according to which small nonadiabatic effects can be 'approximately modeled' by using (near) the atomic mass value for vibrations and the nuclear mass for rotations [23] [24] [25] : in the case of the outer well of HH, the vibrational mass is better approximated by the nuclear mass, and the rotational mass equals the atomic mass to a good approximation. Using the rigorous non-adiabatic, mass-correction functions computed in the present work, the non-adiabatic rovibrational energies are ca. 1 cm −1 (2 cm −1 ) larger than the energies obtained with using the nuclear (atomic) mass. This, together with the relativistic and radiative corrections as well as with a minor, 0.1-0.2 cm −1 improvement for the outer-well electronic energies, allows us to achieve a 0.1-0.2 cm −1 agreement, an order of magnitude better than earlier theory, with experiment [14, 17] .
All in all, we have demonstrated that small, non-adiabatic corrections in the (highresolution) spectrum can be efficiently described using the effective non-adiabatic Hamiltonian which accounts for the truncation error in the electronic space perturbatively. For the particular case of the outer well of the HH 1 Σ + g electronic state, the discrepancy of earlier theoretical work with experiment can be accounted for by a non-trivial decrease in the effective, non-adiabatic vibrational mass of the protons as they pass along near-lying electronic states.
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